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Abstract

We have recently proposed a protocol for retrieving multidimensional magnetic resonance images within a single scan, based on a
spatial encoding of the spin interactions. This methodology relies on progressively dephasing spin coherences throughout a sample;
for instance, by sweeping a radiofrequency pulse in the presence of a magnetic field gradient. When spins are suitably refocused by a
second (acquisition) field gradient, this yields a time-domain signal reflecting in its magnitude the spatial distribution of spins throughout
the sample. It is hereby shown that whereas the absolute value of the resulting signals conveys such imaging information, the hitherto
unutilized phase modulation of the signal encodes the chemical shift offsets of the present speciae. Spectroscopically-resolved multidi-
mensional images can thereby be retrieved in this fashion at no additional expense in either experimental complexity, sensitivity or acqui-
sition time—simply by performing an additional analysis of the collected data. The resulting approach to single-scan spectroscopic
imaging can also incorporate ‘‘RF shimming’’ compensating abilities, capable of providing high-resolution spectral and high-definition
imaging data even under the presence of substantial magnetic field inhomogeneities. The principles of these methodologies as applied to
spectroscopic imaging are briefly reviewed and compared against the background of traditional Fourier-based single-scan spectroscopic
imaging protocols. Demonstrations of these new multidimensional spectroscopic MRI experiments on simple phantoms are also given.
� 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Nuclear magnetic resonance (NMR) finds its two main
areas of application in the fields of chemical analysis, and
in the non-invasive spatial visualization of spin densities
[1–3]. When operating in an analytical mode NMR affords
information about the nature and the quantity of the ana-
lytes being scrutinized, according to the peak positions and
the intensities appearing in its spectrum [2]. Monitoring
these peaks benefits from the highest possible magnetic
field homogeneity, which in turn leads to the sharpest line
shapes and to an optimal site resolution. By contrast, when
operating in a spatial visualization (MRI) mode, it is the
spins’ positions that are being sought [3]. These are usually
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mapped into frequencies with the aid of auxiliary field gra-
dients translating the spins’ coordinates into offsets in a
one-to-one fashion [4,5]; positions are thereby imprinted
in the NMR line shapes at the expense of a significant
broadening of the resonances. The needs placed by the
spectroscopic and imaging modalities imply that extracting
both the chemical nature of a spin as well as its position
within the sample, is associated with conflicting demands
that do not suit a one-dimensional NMR acquisition. On
the other hand spectroscopic imaging measurements can
be achieved without complications by relying on multidi-
mensional experiments [1–3,6], which separate and corre-
late what may otherwise be conflicting modes of
observation. The resulting experiments are usually charac-
terized by at least one spectral and up to three spatial
dimensions [7–10], and their usefulness in in vivo investiga-
tions has been demonstrated in a number of contexts [11–
14].
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Fig. 1. Imaging and spectroscopic imaging single-scan schemes considered
in this study. (a) Conventional gradient-echo k-domain scheme leading to
a q(z) image after FT. (b) Echo-planar spectroscopic imaging (EPSI)
approach leading to shift-resolved qX(z) spatial distributions via the
acquisition of multiple (N) gradient-echo signals. (c) Non-FT scheme
introduced in Ref. [23] whereby positions initially encoded via a chirped p/
2 pulse acting in the presence of a gradient, are subsequently read out in
the time domain by an acquisition gradient. This work demonstrates how
2D qX(z) spectroscopic imaging distributions can also be retrieved from
the resulting S(t) signals.
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Due to its inherent multidimensional nature, spectro-
scopic imaging will usually demand relatively longer acqui-
sition time than its one-dimensional NMR counterparts. A
variety of ways have consequently been discussed for accel-
erating this kind of experiments [15,16]. Many of these
variants rely on methods stemming from Mansfield’s
echo-planar imaging (EPI) and echo-planar spectroscopic
imaging (EPSI) propositions [17,18]. These are ‘‘ultrafast’’
approaches relying on oscillating the imaging gradients so
as to monitor sizable volumes of the hybrid k/t-space
within a single scan; applying a Fourier transform (FT)
on the resulting signals yields then the desired correlations
between the position-derived and the chemical-shift-
derived spin precession frequencies. In addition to such
strategies derived from ‘‘walks’’ in the k or k/t-spaces
[19,20], we have recently discussed alternative approaches
to the acquisition of multidimensional NMR data within
a single scan that rely on encoding the spins’ evolution
along an ancillary, spatially-encoded domain [21,22]. The
resulting ‘‘ultrafast’’ nD NMR protocol is applicable
within a purely spectroscopic and/or an imaging scenario,
and it is the latter that constitutes the starting point of
the present work. As explained elsewhere in further detail
[23] spatially-encoded MRI retrieves a multidimensional
image within a single scan, by applying an external mag-
netic field gradient that spreads out the resonance frequen-
cies, in conjunction with a frequency-incremented
excitation or inversion of the spins. This imposes a qua-
dratic phase encoding /e(r) � Cr2 on the spins which, when
subsequently read out under the presence of an acquisition
gradient Ga, results in a signal whose modulus is directly
proportional to the spin density q(r) of the object in ques-
tion. Such imaging principle operates without subjecting its
data to a FT, and it can be exploited in a number of ways
to obtain 2D NMR images within a single scan [24]. When
comparing the method’s performance against EPI-based
schemes, however, the results offer a mixed outcome. On
one hand it is clear that EPI schemes make a more efficient
use of the available gradient action k, towards the reading
out of the images. On the other hand it was shown that the
built-in selectivity underlying spatially-encoding provides a
route to reduce field inhomogeneity distortions, which may
otherwise affect EPI’s low-bandwidth dimension.

The present work explores a different aspect related to
the application of spatial encoding principles within an
imaging scenario, stemming this time from the method’s
ability to differentiate between various chemical shifts con-
tributing to the image—at no additional expense in the
experiment’s complexity. It is here demonstrated that in
spatially-encoded MRI, the presence of multiple chemical
sites will create a modulation of the phases characterizing
the read-out signals. Such phase effects were heretofore dis-
regarded, as the image-reconstruction procedure solely
involved a magnitude data calculation. Yet it is shown that
by applying a simple FT-based processing on the spatially-
encoded data, this phase information can be exploited for
the sake of retrieving an NMR spectrum as well as its asso-
ciated spatial distribution, yielding in effect a new approach
to single-scan spectroscopic imaging. Performancewise the
resulting approach compares favorably with EPSI-type sin-
gle-scan experiments, even if its scope of applications may
be more limited. It is also shown that in this kind of spec-
troscopic imaging, high-resolution spectroscopic and high-
definition MRI acquisitions are still feasible even if spins
are subject to sizable distortions of the ideal Bo static mag-
netic field.

The operation of spatially-encoded ultrafast spectro-
scopic imaging experiments are illustrated in this work
for a number of simplified scenarios. The methodology’s
principles are first reviewed for unidimensional objects;
examples of the method’s operation are given, and its rela-
tive merits and potential artifacts are briefly assessed. We
then describe the method’s extension to higher spatial
dimensions, with experimental demonstrations and com-
parisons against EPI results on a simple phantom. Finally,
we discuss and demonstrate the method’s ability to afford
its spectroscopic imaging information even in the presence
of field inhomogeneities, both using basic approaches as
well as with a new sequence designed to better handle the
presence of multiple chemical sites.
2. Single-scan spatially-encoded spectroscopic imaging on

one-dimensional objects

2.1. Basic treatment

We address first the simplest application of spatial
encoding to spectroscopic imaging, dealing with a sample
characterized by a discrete spectral distribution of chemical
shifts I(X), each of which possesses a one-dimensional spin-
density profile qX(z). Traditional imaging retrieves the
spins’ spatial distribution by working on-resonance and
monitoring the effects of a constant gradient on the signal
following a broad-band excitation pulse (Fig. 1a), whereas
ultrafast 2D EPSI seeks to correlate the z and X distribu-
tions by homogeneously exciting the spins, and then mon-
itoring their signals while under the effect of an oscillating
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gradient echo train (Fig. 1b). By contrast to these FT-based
methods, spatially-encoded imaging relies on preparing the
spins with an initial quadratic phase, /e(z). Such profile can
be delivered by a sequential excitation based on a linearly-
swept radiofrequency pulse, acting while under the action
of a constant field gradient Ge (Fig. 1c) [25–28]. With its
amplitude suitably tuned, this chirped RF pulse sweeping
at a constant rate R between initial and final offset values
Oi = �cGeL/2 and Of = cGeL/2 over a period sp (with
�L/2 6 z 6 L/2 defining the field-of-view, FOV), will
impart on isochromats a set of position-dependent phases
given by

/eðzÞ ¼ /RF½sðzÞ� þ ½sp � sðzÞ� � ðcGezþ X0Þ: ð1Þ

Here

/RF½sðzÞ� ¼
Z sðzÞ

0

½Oi þ Rt0�dt0; sðzÞ ¼ X0 þ cGe z� Oi

R
ð2Þ

denote, respectively, the phase of the RF pulse and the in-
stant 0 6 s(z) 6 sp when the RF addresses a z-dependent
isochromat. Replacing these definitions into Eq. (1) leads
to

/eðzÞ ¼ � ðcGeÞ2sp

2ðOf � OiÞ

" #
z2 þ cGespðOf � X0Þ

ðOf � OiÞ

� �
z1

þ spð2OfX0 � O2
i � X2

0Þ
2ðOf � OiÞ

� �
z0: ð3Þ

This quadratic phase expression is analogous to other liter-
ature derivations [23–28], except for the inclusion of a X0

shift term which in imaging is usually taken as zero. The
spatially-encoded protocol then delivers its information
by monitoring the spins while under the action of a Ga

acquisition gradient, driving a wavenumber
kðtÞ ¼ c

R t
0

Gaðt0Þdt0 ¼ cGat. The resulting free induction de-
cay (FID) signal can be written as:

SðtÞ /
Z

all z
qX0
ðzÞeiUX0

ðz;tÞ dz; ð4Þ

where the chemical-shift-dependent qX0
ðzÞ spatial profile is

modulated by an overall phase

UX0
ðz; tÞ ¼ /eðzÞ þ kðtÞzþ X0t ð5Þ

depending on the spin’s position via k(t)z, and on chemical
shifts by the usual free evolution term X0t. Under these
conditions the resulting S(t) will reflect, at any given in-
stant, solely those spins located at zk coordinates that fulfill
the stationary phase condition

d

dz
½UX0
ðz; tÞ�z¼zkðtÞ

¼ 0; ð6Þ

this in turn leads to a signal

SðtÞ / Dz � qX0
zkðtÞ
� �

exp iUX0
zkðtÞ; t
� �� �

: ð7Þ

The Dz term in this expression describes a constant spatial
resolution parameter

ffiffiffiffiffiffiffiffi
FOV
cGesp

q
that is independent of shift;

this and the linear dependence that zk(t) exhibits on k/t,
results in an imaging approach whereby spin densities are
simply obtained by taking the absolute value of the ob-
served signal: q(zk(t)) � |S(t)| [23]. Notice that by taking
the FID’s absolute value this approach, (i) does not make
use of the usual numerical FT, and (ii) it disregards the
phase information available in the signal. This information
could become valuable when considering the presence of
multiple chemically-shifted sites. In such instance multiple
terms akin to that in Eq. (7) would arise:

SðtÞ / Dz �
X

j

qXj
zkðtÞ
� �

exp iUXj zkðtÞ; t
� �� �

: ð8Þ

This sum introduces a site-dependent beat among the pro-
files, which will distort the image arising upon performing a
simple magnitude calculation of the data. Indeed on exam-
ining the expressions given so far, one notices that for each
individual chemical shift Xj the original experiment will be
affected in two main ways. At an excitation level chemical
shifts will enter the linear term in the excitation phase
expression /e(z) (X0-containing term in Eq. (3)); this will
shift the overall acquisition path zk(t) of each site by a slight
Xj

cGe
displacement, which now becomes

zkðtÞ ¼
L
2
� Xj

cGe

	 

� L

T a

� t: ð9Þ

Here, we have assumed that a constant acquisition gradient
has been applied over a time Ta, chosen so as to unravel the
full extent of the initial encoding; i.e., GaTa = �Gesp. More
significant and relevant for the present treatment than these
displacements, are the multiple time-dependent Xjt terms
that will now enter in the summation of Eq. (8), owing to
the various sites’ differing UXjðz; tÞ phases. It is these differ-
ing contributions that we propose to exploit for extracting
chemical shift information out of this imaging-oriented
acquisition, transforming it into a spectroscopic imaging
experiment.

To find the full Xj-dependence that each site will impart
on the FID, we consider contributions of only those zk(t)

voxels contributing to each site’s signal at any particular
time. To do so we insert the time-dependence defining each
zk(t) in Eq. (9), into z-dependent terms derived for the over-
all phase in Eq. (5). Ignoring for simplicity all constant-
phase factors, this leads to

UX0
ðtÞ ¼ cGaLsp

2T 2
a

t2 � cGaLsp

2T a

tþ 1� Ga

Ge

	 

X0t: ð10Þ

The last term in this phase expression suggests that the
sample’s NMR spectrum can arise from a FT of the signal,
provided that the remaining two terms are accounted for.
In fact these two extra phase contributions are not only
independent of the Xj, but are also given by parameters en-
tirely under our control. We thus propose removing them
by multiplying the observed S(t) FID, on a time-by-time
basis and at a post-acquisition stage, by their complex con-
jugates. Starting from Eq. (8), this yields the revised
function
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S0ðtÞ ¼ exp �i
cGaLsp

2T 2
a

t2 � cGaLsp

2T a

t
	 
� �

� SðtÞ

/
X

j

qXj
zkðtÞ
� �

exp i 1� Ga

Ge

	 

Xjt

� �
: ð11Þ

Looking for a spectral distribution by Fourier analysis of
S 0(t) then leads to

FT½S0ðtÞ� /
X

j

Z
time

qXj
½zkðtÞ� exp i 1�Ga

Ge

	 

Xjt

� �
e�ixt dt

¼
X

j

Z
time

qXj
½zkðtÞ� exp i 1�Ga

Ge

	 

Xj�x

	 

t

� �
dt;

¼
X

j

IðXjÞ � q̂Xj � d 1�Ga

Ge

	 

Xj�x

� �
: ð12Þ

Eq. (12) clearly reflects the sample’s discrete NMR spec-
trum I(X), with the original frequencies amplified by a
known 1� Ga

Ge
factor and with each peak’s point-spread

function given by:

q̂Xj ¼
Z T a

0

qXj
½zkðtÞ� � e�ixt dt: ð13Þ

Given the linear relation between the zk(t) function and t

Eq. (9), this means that the peak shapes will be related to
the FT of each site’s spatial distribution profile (weighted
by a hitherto ignored decay that spins may have experi-
enced over a time Ta). In a ‘‘best case’’ scenario q(z) will
be a well-behaved amplitude-modulated function extending
throughout the FOV of interest, thereby supporting a FT
over a sizable extent of the [0,Ta] time interval; this would
allow us to resolve chemically-shifted sites whenever their
frequencies separation Dm exceeds (Ta + sp)�1, akin to what
would be observed in conventional spectroscopy. By con-
trast a ‘‘worst case’’ would comprise an ill-behaved distri-
bution subtending a single Dz spatial voxel, equivalent to

a time interval Dt �
ffiffiffiffiffiffiffi
cGaL

T a

q
and thereby demanding

Dm P
ffiffiffiffiffiffiffiffiffiffiffi
cGaT aL
p

T aþsp
. Throughout the remainder of this study we

shall assume that spatial distributions are smooth and long
enough to yield a convolution with well-behaved q̂Xj point-
Phase

correct

Ta

As-collected S(t)

0

A
m

pl
it

ud
e

P
ha

se

Ta

Phase-corrected S
,
(t)

0

A
m

pl
it

ud
e

P
ha

se

Fou

pro

t t

Fig. 2. Summary of events leading to the retrieval of shift-resolved 1D qX(z)
illustrated in Fig. 1c. Steps involve removing S(t)’s quadratic phase contributi
from the resulting NMR spectrum, and inverse-FT this filtered point-spread-f
spread functions, rather than to a split or an intolerable
broadening. With this supposition one can proceed to
examine the spatial distribution associated with each Xj site
simply by filtering the resulting FT[S 0(t)] spectrum around
a particular chemical shift peak of interest and then recal-
culating, by inverse FT of its q̂Xj peak shape followed by a

magnitude calculation, the associated qXj
ðzÞ spatial profile.

The full sequence of events leading to a spectroscopic imag-
ing correlation by these spatial encoding/decoding means,
is summarized for completion in Fig. 2.
2.2. Experimental spectroscopic imaging on a one-

dimensional phantom

The preceding arguments were applied to analyze a sam-
ple of 99.9% deuterated water (HDO), positioned with a
small (�0.5 ppm) off-resonance offset. Like all remaining
experiments in this work this test was carried out at
501 MHz using a high-resolution Varian iNova� NMR
spectrometer, equipped with a triple-axis gradient 5 mm
probe. The various panels in Fig. 3 illustrate the sequence
of events leading then to an effective 2D-type spectroscopic
image, starting from the experimental 1D FID. The raw
data set S(t) is characterized by a strong phase modulation
derived from the quadratic term in Eq. (10). Post-acquisi-
tion processing of this signal along the lines of Eq. (11)
leads to a S 0(t) devoid of strong quadratic modulations,
which by FT yields the I(X) sample spectrum. At this point
a numerical frequency filtering function can be applied at
the Xj of interest; then, following an inverse FT and a mag-
nitude calculation, this delivers the associated qXj(z) spatial
profile.

It is worth focussing on the signal-to-noise ratios
(SNRs) that can be expected to characterize, under other-
wise identical conditions of spectral/spatial resolution
and spectral/spatial bandwidths, the spatially-encoded
approach just introduced vis-à-vis a 2D EPSI-type
sequence (Fig. 1b). This comparison needs to account for
the different domains and the differing post-acquisition
processing procedures that characterize each of the tech-
niques. To make the spectral resolution parameters of both
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vis-à-vis the original profile (i.e., jqX0

ðzÞj vs. |S(t)|), owing to the substantial
noise reduction associated to the filtration process.

Acquisition time (ms)0 18

|S(t)|

Shift (kHz)10 20

Position z (mm)15 -15

DMSO HDO

|I(ω)|

|ρHDO|

|ρDMSO|

-23.5 G/cm

12 ms 15.7
G/cm

RF

G
18 ms

±150 kHz 
Chirp (30 mm)

-15.7
G/cm

15.7
G/cm

Acquisition time (ms)0 19.2

32

-15.7
G/cm

0.3
ms

0.3
ms

0.15
ms

1.7 kHz

Shift  (±833 Hz) z (±15 mm)

1.1 kHz

DMSOHDO

|ρ(ω,z)|

Position z (mm)15 -15

|ρHDO|

|ρDMSO|

Site-
resolved
images

Spatially-Encoded
Spectroscopic Imaging

2D EPSI

D
M

SO
 +

 H
D

O

Fig. 4. Comparison of the spectroscopic imaging results that under similar
gradient and acquisition conditions, could be extracted using the 1D
spatially-encoded imaging and the 2D EPSI sequences from a simple
phantom made out of a 5-mm tube containing a HDO/DMSO solution.
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to it; the different peak separations in the two experiments reflects the
additional 1� Ga

Ge
factor involved in the spatial encoding Eq. (12).
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acquisitions comparable we shall assume that they involve
similar total acquisition times Ta, implying that the EPSI
imaging stage involves only a DTa = Ta/2N fraction of this
time and uses an acquisition gradient GEPSI

a that is 2N times
larger than its conventional Ga 1D imaging counterpart.
This demand offsets in turn the performance handicap of
the spatially-encoded imaging approach, which requires
maximum wavenumber values kmax that are �Nz = FOV/
Dz times larger than their conventional imaging counter-
parts for achieving comparable spatial resolutions [23,24].
These larger gradients required by EPSI do not bring a det-
riment to the overall SNR of the technique, as under ideal
conditions this will reflect the summation of images
involved upon FT of the data along the spectroscopic
encoding axis. Hence, considering as reference a noise
defined by a rn r.m.s value per-unit of frequency and grow-
ing as the square-root of an FOV-defined filter bandwidth,
EPSI’s SNR can be expressed as

SNREPSI / jqXj
ffiffiffiffiffiffi
N z
p

rn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cGaFOV
p ; ð14aÞ

where |qX| defines a generic voxel intensity for a particular
chemical site, and

ffiffiffiffiffiffi
Nz
p

reflects the Fellgett advantage
inherent to FT-based imaging methods. A main drawback
of the spatially-encoded approach is that it will be generally
devoid of such multiplex advantage. It can be shown, how-
ever, that the FT/filtering/inverse-FT procedure depicted
in Fig. 2 equates to re-defining the relevant filter bandwidth
as being dictated by a voxel Dz rather than by the full FOV.
This leads to a spatially-encoded SNR of

SNRs-e / jqXj
rn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cGs-e

a Dz
p : ð14bÞ

It follows from these arguments that, SNRwise, both
imaging approaches should be comparable. In an effort
to test this prediction a number of experiments were run
on a mixture containing HDO and dimethylsulfoxide
(DMSO), in proportions leading to singlets appearing at
�4.7 and 2.5 ppm with ca. 1.4:1 ratios in their 1H NMR
spectrum. Since these two substances are miscible with
one another they conform to the ‘‘best case’’ scenario men-
tioned earlier: a homogeneous solution occupying the
entire FOV (L � 18 mm). This sample was investigated
under conditions that, though different, yielded compara-
ble spatial and spectral characteristics for the conventional
and spatially-encoded based results. Summaries of the
resulting data are shown in Fig. 4. Worth pointing out
are the strong amplitude beats appearing in the spatially-
encoded |S(t)| signal, coming from interferences between
the chemically-shifted resonances, as well as the clear dis-
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tinction between two chemically inequivalent sites posi-
tioned �dHDO � dDMSO = 2.2 ppm apart (approx.
1.7 kHz at 501 MHz when taking the 1� Ga

Ge
� 1:6 scaling

factor into account), arising from FTing S(t) once this
function is freed from its quadratic phase components.
Notice that, as expected, the images arising by inverse FT
of these clearly resolved sites are then free from the original
beats. These results also confirm that sensitivities are com-
parable for both imaging experiments.
Fig. 5. (a) Example of a single-scan strategy capable of delivering, via its
z-axis encoding, the temporal evolution needed to extract 2D images from
a correlated spectral dimension. (b) Definition of the various terms used in
the text; FT, filtering and inverse FT of the circled data points can be
treated as in the 1D case above, to extract the sample’s NMR spectrum.
Notice that whereas the Dkz

a (or Dz) increments between points in adjacent
frequency-encoded columns are equal (horizontal arrows), their Dt

increments are not (horizontal double-arrows). The Cooley–Tukey FT
algorithm therefore cannot be applied to jointly process these even and
odd elements; on the other hand an interlaced FT [29] would successfully
afford a NMR spectrum from such set.
3. Spatially-encoded spectroscopic imaging at higher

dimensions

The simplicity underlying the spatially-encoded spectro-
scopic imaging approach, which is devoid in its 1D spatial
version from any multiple fast gradient echoes, proves
advantageous when considering its extension to cases with
more than one spatial dimension. Different routes allow
frequency-swept encoding approaches to monitor multiple
spatial dimensions in an ‘‘ultrafast’’ fashion [24], and in
fact not all the domains need to be monitored based on
these principles. It is sufficient to spatially-encode only
one of the spatial axis in order to extract from the resulting
experiment the correlated spectroscopic distribution being
/eðz; yÞ ¼ �
ðcGz

eÞ
2sz

p

2ðOf � OiÞ

" #
z2 þ

cGz
es

z
pðOf � X0Þ
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� �
z1 þ
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( )
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sought—once again, as in the 1D spatial case treated
above, at no additional complexity beyond that involved
in the basic imaging pulse sequence. Without attempting
a comprehensive treatment we present in this Paragraph
one such possibility, relying on the ‘‘hybrid’’ r/k scanning
experiment illustrated in Fig. 5. In this experiment spins
are initially encoded spatially along the z axis while under
the action of Gz

e; subsequently they are incrementally
unraveled by a read-out Gz

a gradient, while their distribu-
tion along an orthogonal axis is repeatedly imaged in reci-
procal space (ky) via the application of a strong oscillatory
gradient Gy

a. Single-scan data collected throughout the
course of such pulse sequence can lead to a 2D spatial
image if the individual S(ky) echoes are spliced and 1D
FT’d against ky, correctly positioned within a 2D matrix
as a function of the monotonically-rasterized z coordinate,
and plotted in magnitude mode (cf. Ref. [24], Fig. 5b). Fol-
lowing a reasoning similar to that discussed above, and
thanks to the linearity that once again will in this instance
relate the physical z and t variables for every coordinate in
y (or for every ky prior to the FT vs. ky), it follows that
shift-selective I(X) profiles can become available for differ-
ent q(y,z) simply by performing a post-acquisition process-
ing operation. Indeed, following the definitions given in
Fig. 5 and arguments analogous to those leading to Eq.
(3) in the 1D case, one can express the encoding phase
accrued by the spins prior to the acquisition as the sum
of z- and y-dependent functions
During the course of the acquisition the overall spin evolu-
tion phase of each particular site becomes

UX0
ðz; y; tÞ ¼ /z

eðzÞ þ kzðtÞz|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
Uz

aðz;tÞ

þ/y
eðyÞ þ kyðtÞy|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

Uy
aðy;tÞ

þX0t; ð16Þ

and at any given acquisition time t signals will reflect, as be-
fore, solely those spins fulfilling the kz-dependent stationary
phase approximation o

oz ½UX0
ðz; y; tÞ�z¼zkzðtÞ

¼ 0. Following
these arguments, the multi-site observable signal can be writ-
ten as a 2D analog of Eq. (8):

SðtÞ /
X
Xj

exp½iUz
aðzkzðtÞ; tÞ� exp½iXjt�

�
Z

qXj
ðzkzðtÞ; yÞ exp½iUy

aðy; tÞ�dy; ð17Þ

where the integral incorporates the effects of the ky-encod-
ing. On considering the z/kz development at suitable ky val-
ues, such as the n = 1,2, . . .,N points illustrated in Fig. 5b,
one can recognize an FID that behaves akin to that treated
in the 1D case except for a discretization of the time vari-
able tn = t0 + (n � 1)Dt, which has now become multiple
of Dt ¼ 2ðDT z

a þ DT y
aÞ. For every ky value (or every y coor-

dinate deriving from FT against ky) one can therefore
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define a ‘‘corrected’’ spectroscopic FID akin to that derived
in Eq. (11):

S0ðtnÞ ¼ exp �i
cGz

aLzsz
p

2ðDT z
aÞ

2
t2
n �

cGz
aLzsz

p

2DT z
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 !" #
� SðtnÞ

/
X
Xj

exp i 1� Gz
a

Gz
e

	 

DT z

a þ DT y
a

� �
2nXj

� 


�
Z

qXj
½zkzðtÞ; y� exp½iUy

aðy; tÞ�dy: ð18Þ

Following similar arguments as before, FT of each such
signal within the (ky,kz) 2D FID affords a spectroscopic
characterization of the I(Xj) spectrum which in turn, when
appropriately filtered and inverse FT’d, provides the 2D
q(z,y) image for a particular shift Xj.

This data acquisition and filtering procedure was tested
once again on a 5-mm diameter NMR tube; this time con-
taining equal volumes of water and of chloroform, with the
former deuterated to yield NMR peaks with approximately
similar heights. As these compounds maintain separate
phases (with the heavier chloroform occupying the lower
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Fig. 6. Results obtained upon applying the single-scan spatial encoding varia
images from a water/CHCl3 5 mm diameter phantom (top left). Indicated a
intermediate processing stages; for convenience these employed only odd-value
and co-added for further improving the SNR). Data in these experiments were d
bandwidth of 66 kHz (defining an effective 6 mm FOV along y).
portion of the tube), the possibility to image their differing
positions along the vertical z axis was explored. The protocol
just discussed was applied on this mixture, yielding the set of
results plotted in Fig. 6. Shown in this Figure underneath the
pulse sequence is the time-domain signal arising from this
experiment; by contrast to the |S(t)| plots in Fig. 4 these data
show, beyond the sharp ky-driven gradient echoes, only
minor interferences along the spatially-encoded axis thanks
to the physical separation that now characterizes the two
inequivalent sites along this domain. Rearrangement of
these data and FT vs. the ky wavenumber yields a 2D
q(z,y) image that disregards altogether the presence of two
inequivalent components. Removing the quadratic phase
component in this 2D signal as indicated in Eq. (18) followed
by FT along the spatially-encoded direction, gives a shift
spectrum which distinguishes between the two chemically
inequivalent sites. Filtration of these data in the x-dimen-
sion followed by a return to the spatial domains and magni-
tude calculation, clearly resolves the 2D profiles occupied by
the individual sites (Fig. 6, bottom), affording the shift-
resolved imaging information being sought.
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The actual pulse sequence needed to retrieve this kind of
1D spectroscopic/2D imaging information is very similar
to that underlying a conventional 2D EPI acquisition; in
fact the pulse scheme used in Fig. 6 can be transformed into
such single-scan imaging sequence simply by replacing the
initial frequency-swept p/2 z-encoding pulse, by a broad-
band p/2 excitation. It is illustrative to explore what kind
of 2D images will an EPI sequence afford on the same
two-component sample, using very similar timing and gra-
dient-strength conditions as in the spatial encoding case.
Fig. 7 shows the resulting image, which highlights the
well-known shift/susceptibility distortion of which EPI
can suffer—particularly along the low-bandwidth domain.
In our case this domain corresponded with the z-axis,
which evidences overlapping images between the two sam-
ple components due to chemical shift effects.
4. Spatially-encoded single-scan spectroscopic imaging in

inhomogeneous fields

4.1. Inhomogeneity compensations disregarding the chemical

shift effects

One of the potential strengths of spatial encoding
approaches rests in their ability to yield undistorted data
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Fig. 7. Experimental results obtained from the same phantom and under
similar experimental conditions as those employed in Fig. 6, upon utilizing
an echo planar imaging sequence. This sequence differs from that
employed in Fig. 6 solely on its reliance on a hard p/2, instead of on a
frequency-swept p/2 pulse, for the initial excitation (as well as in its data
processing aspects). Special attention was paid to repeating the acquisition
and gradient settings used in that spectroscopic imaging experiment,
including filter bandwidths and digitization rates. Notice that under such
conditions not only is the spectroscopic information absent from the EPI
data, but also a characteristic artifact shows up along the phase-encoding
(z) dimension as a displacement of the off-resonance (in this case the
Chloroform) components.
in the presence of field inhomogeneities [24,30,31]. We con-
sider next to what extent, if at all, is such ability preserved
in the current spectroscopic imaging case. With this as aim,
we revert back to a one-dimensional scenario, but with the
sample now affected by a cDB0(z) = Xinh(z) addition to its
ideal cB0 field value, a distortion which we shall assume
has been a priori mapped and thereby is known. Such field
inhomogeneities, if sufficiently large, can naturally ruin the
quality of an NMR experiment—regardless of whether this
is of an imaging or a spectroscopic nature. The spatially-
encoded spectroscopic imaging approach described in the
preceding sections is no exception to this rule; Fig. 8 illus-
trates this by showing the effects that a ca. 9-kHz field dis-
tribution across the sample will have on the spectrum of a
water–DMSO mixture, under acquisition conditions simi-
lar to those which yielded the highly resolved peaks in
Fig. 4. Driving these distortions is the additional Xinh term,
altering the overall phase of the experiment Eq. (5) as:

UX0
ðz; tÞ ¼ /RF½sðzÞ� þ ½sp � sðzÞ� � ½cGezþ X0 þ XinhðzÞ�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

/eðzÞ

þ kðtÞzþ X0tþ XinhðzÞt: ð19Þ

The presence of Xinh(z) breaks the linearity between the de-
coded coordinate z and the acquisition time t; this linearity
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conformed an important ingredient underlying our image-
retrieval procedure, and was an essential requirement for
the extraction of a chemical shift spectrum by FT of the
data against z/t. In addition to these problems Xinh(z) will
affect voxel sizes Dz throughout the acquisition process,
bringing about an image distortion and a rapid decay of
the S(t) signal.

And yet, as detailed elsewhere for a chemical-shift-free
scenario [24], the fact that Xinh(z) has been mapped enables
spatial encoding to carry out a voxel-by-voxel experimental
compensation of the inhomogeneities, and thereby a resto-
ration of the image’s faithfulness. Two variables were
exploited in Ref. [24] to perform such correction: the local
phase profile /RF(z) imparted by the frequency-swept RF
during the course of the excitation, and the strength of
the acquisition gradient Ga(t) governing the time required
by each of the excited voxels for undergoing refocusing.
Chemical shifts, however, will prevent this kind of precise
manipulations, as the relation between the manipulating
offset and the z positions will now be distorted by the pres-
ence of an unknown shift X0. This uncertainty will in gen-
eral complicate the correction of field inhomogeneities by
gradient- or RF-based manipulations. Still, we considered
it worth exploring what kind of performance will the com-
pensation method described in Ref. [24] yield when applied
in combination with the spectroscopic imaging processing
introduced in Section 2—even if disregarding the effects
of chemical shifts altogether. Denoting the relevant param-
eters for this X0 = 0 case by overbar templates, we then
have

UX0¼0ðz; tÞ ¼ Uð�z; tÞ ¼ /eð�zÞ þ kðtÞ�zþ Xinhð�zÞt: ð20Þ

For such on-resonance situation we briefly remind that the
Xinh compensation approach could be cast by demanding

ðiÞ d

dt
d2 �Uðz; tÞ

dz2

� �
z¼�zkðtÞ

¼ 0 ð21aÞ

which ensures a constant pixel resolution throughout the
course of the acquisition, and

ðiiÞ cGaðtÞ¼ � d

dt
d/eðzÞ

dz

� �
� t � d

dt
dXinhðzÞ

dz

� �
�dXinhðzÞ

dz

� 

z¼�zkðtÞ

ð21bÞ
which incorporates the demand for a linear spatial/decod-
ing-time relation �zkðtÞ ¼ L

2
� L

T a
� t. Fig. 9 presents two sets of

results acquired upon including these corrections in our
new spectroscopic imaging experiments, involving the same
sample and inhomogeneity parameters as those leading to
the highly distorted data shown in Fig. 8. The success of
the compensation procedure imparted by Eqs. 21 is clearly
illustrated by the long ensuing S(t) FIDs, by the good de-
gree of separation between the chemical sites that can
now be resolved, and by the undistorted q(z) images that
these data can afford upon being subject to the procedure
summarized in Fig. 2.
4.2. Offset-balanced inhomogeneity compensation

These considerations notwithstanding, a closer look at
the spectra in Fig. 9 confirms that the quality of the correc-
tion is not the same for all sites: the water peak appearing
near the on-resonance condition displays an excellent Xinh

compensation, whereas the DMSO peak at X0 � 1.5 kHz
shows a residual inhomogeneity-driven broadening. This
offset dependence reflects the dz = X0/cG errors introduced
by chemical shifts during the course of the RF compensa-
tion and subsequent Ga-driven decoding. Understanding
the exact form of these effects opens new avenues for their
compensation; the present paragraph is devoted to this
topic.

We should begin by noting that a spectroscopic imaging
approach of the kind introduced in Section 2 but incorpo-
rating a complete compensation of all offset-driven arti-
facts for arbitrary chemical shift values, seems a priori

unlikely. The reason for this lies in the fact that, as detailed



Acquisition time (ms)0 32

Shift (kHz)-10 10

DMSO
(-1.1 kHz)

HDO
(0 kHz)

RF

G

Position z (mm)9 -9

-8 G/cm

8 ms
<19 G/cm>

32 ms

shaped
π/2

|S(t)|

|I(ω)|

|ρHDO|

|ρDMSO|

Position z (mm)9 -9

8 G/cm

8 ms

shaped
π

Dual-sweep Inhomogeneity Compensation

Fig. 10. Experimental demonstration of the broadband field-compensat-
ing abilities arising upon extending the single-sweep principles described in
Ref. [24], to a dual-sweep experiment removing to first order all the
chemical shift effects from the initial encoding phase. While the processing
of these data is as in Fig. 9, notice the sharpness characterizing now the
off-resonance DMSO peak. The principles of the method are further
detailed in the text and Appendix.

A. Tal, L. Frydman / Journal of Magnetic Resonance 189 (2007) 46–58 55
in Ref. [24], inhomogeneities transform the U function into
a higher-order (>2nd degree) z polynomial. In the chemical
shift case this translates into a high-order dz—or in other
words into a high-order X0—phase function; reverting such
acquisition phase into the linear expression needed by a FT
treatment (Eq. (11)) does not appear in general viable. Still,
it is enlightening to compute what kind of phase distortions
will the presence of small chemical offsets introduce; i.e.,
what kind of changes will be introduced in U’s expression
to first order in X0 and (equivalently) in dz. Using as start-
ing point the phase expression Eq. (19) and the overbar
zðtÞ ¼ �zðtÞ þ dz notation introduced in Eq. (20), a Taylor
expansion of UX0

ðz; tÞ can be made as

UX0
ðz; tÞ ¼ Uð�z; tÞ þ oUX0¼0

oz

	 

z¼�zkðtÞ|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
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¼ Uð�z; tÞ þ o/e

oX0

	 

X0 ¼ 0

z ¼ �zkðtÞ
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5X0:

Here we have set
oUX0¼0

oz

� �
to zero as this is fulfilled by all

�zkðtÞ voxels conforming to the stationary phase condition,
and have only considered terms proportional to dz and

X0 thereby disregarding all terms of order OðX2
0;X0

dz; dz2Þ and higher. Eq. (22) is revealing because it indicates
that, were it not for the encoding-phase chemical-shift

dependence embodied by o/e

oX0

� �
, one would obtain an ideal

shift-free phase expression plus a simple X0t term derived
from the acquisition portion of the experiment—which is
in turn the ‘‘high resolution’’ term being sought to extract
spectroscopic information from the data. This means that,
at least to first order, one would face no complications in
achieving inhomogeneity compensations balanced with re-
spect to chemical shift offsets, if one were to rely on encod-
ing phases /e profiles that are fully devoid of X0 effects.

With this clue in hand we propose a more efficient, shift-
independent inhomogeneity compensation sequence, based
on imparting an initial encoding phase that is independent
of X0 and solely dependent on gradient-derived effects. In
an ideal shift- and inhomogeneity-free case such phase
would be simply proportional to z2 (Eq. (3) with X0 = 0),
which is the basic profile demanded by spatially-encoded
imaging. This requirement is reminiscent of—but in fact
opposite to—the encoding demands posed by single-scan
2D NMR spectroscopy: there one requests that the initial
encoding phase be made dependent on X0 shifts, but devoid
of quadratic gradient effects [21]. Numerous continuous
alternatives exist for achieving such aim; all of these based
on the application of two consecutive frequency-swept
pulses acting under the effects of different gradients [32–
35]. For the present case, we chose to focus on the p/2–p
pulse combination, involving the application of two fre-
quency-swept pulses whose amplitudes have been tuned
to impart an initial excitation and a subsequent inversion
of all spins passing through their resonance. In the different
2D NMR alternatives discussed for this sequence [34,35],
the two gradients and the sense of the RF sweeps were cho-
sen so as to make the first sample element to be excited also
the element that undergoes first the gradient’s refocusing.
This allows one to generate an encoding phase that, while
linear in z and X0, is devoid of quadratic gradient-derived
effects. By contrast our focus here is on a sequence where
p/2 and p pulses address voxels in the opposite manner;
eliminating the zÆX0 effects, and leaving at their conclusion
solely higher-order, gradient-derived encoding terms. A
compact description of how the RF pulses and gradient
shapes required for executing this new kind of p/2–p inho-
mogeneity compensation scheme can be computed, is sum-
marized for convenience in the Appendix. Fig. 10
summarizes some of the results arising from the ensuing
pulse sequence, upon applying it to correct the same kind
of inhomogeneities distorting the data in Fig. 8. As can
be appreciated from this summary the new sequence can
successfully deliver its spectroscopic imaging profiles free
from inhomogeneity distortions; comparison of these data
against the results shown in Fig. 9 also evidences the supe-
riority of the p/2–p dual-sweep encoding over its simpler
p/2 single-sweep counterpart, to compensate for the effects
of chemical shifts. Numerical calculations (not shown)
show that this new sequence can compensate field inhomo-
geneities through a wide span of 1H-relevant shifts; a com-
pensation evidenced by both sharper resonances in the
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spectral domain as well as by less distorted images in the
spatial one.

5. Discussion and conclusions

A few years ago we demonstrated that the encoding
underlying ultrafast 2D NMR, yields spectral peak shapes
that enable the extraction of spatial information at no extra
complexity in the experiment’s performance [36]. It was
then shown that, provided sufficient spectral resolution
exists between peaks along the indirect domain and that
their spatially-encoded distributions are sufficiently well
behaved, the gradient-based unraveling of the indirect-
domain frequencies enables one to locate the spins’ spatial
positions by FT of their peaks’ echo shapes. In a somewhat
complementary manner, the present study shows that spec-
troscopic information lies along the imaging domain of the
spatially-encoded ultrafast MRI experiment. Once again,
no complication beyond the execution of the basic imaging
experiment is necessary for extracting such spectral infor-
mation. And also in this case, spectra arise by FT of a
domain that hitherto remained untransformed, and
thereby contained a certain degree of underutilized infor-
mation. In further analogy to the ultrafast 2D NMR case,
extraction of spectral data from the imaging profiles will
again be conditioned by the interplay between the site res-
olution being sought, and the spatial distribution support-
ing the point-spread functions of the spectral lineshapes. In
the model cases that were here described these functions
were well behaved, as they arose from homogeneous distri-
butions. It remains to be seen what kind of performance is
observed in realistic in vivo experiments; tests of this kind
are currently in progress.

These caveats aside, it appears that a number of attrac-
tive features are associated with the spectroscopic imaging
approach that was here described. In terms of implementa-
tion the spatially-encoded pulse sequences are simpler than
their 2D EPSI counterpart, as their data acquisition
‘‘saves’’ the experiment of a fast-oscillating gradient-echo
train. This may not be crucial when attempting to monitor
a single spatial dimension, but becomes important upon
extending the method to higher dimensionalities requiring
an increasing number of nested gradient oscillations. It
may be worth pointing out that in this latter case spatial
encoding approaches may also be designed so as to provide
identically large spectroscopic spectral bandwidths, regard-
less of the number of dimensions involved. On the other
hand it is also clear that the train of oscillating gradients
is what provides EPSI with its generality, and absence of
demands with regards to the spatial distributions that the
chemicals being analyzed need to adopt. From a technical
standpoint, the simplifications introduced by the spatially-
encoded acquisition over the EPSI approach are in fact
reminiscent of those arising from BURST-derived spectro-
scopic imaging methods [37,38], whose image-readout por-
tions are also executed under a constant acquisition
gradients. Yet by contrast to DANTE-based multi-echo
experiments [39] our new proposal is designed to use all
spins in the sample; this has a positive impact in the
SNR observed for the resulting images, and even further
performance gains can be expected when operating in
slower gradient switching systems such as those typical of
wide-bore MRI scanners.

A final feature worth highlighting concerns the compat-
ibility of the new spectroscopic imaging approach here pre-
sented, with the inhomogeneity compensation methods
recently illustrated for the spatial encoding imaging
approach in a shift-free scenario. These advantages were
brought to bear using the original single-sweep encoding
sequence and found effective if the chemical shift offsets
were small; i.e., if inhomogeneities Xinh(z) changed by less
than a radian within a dz = X0/cGe interval. More sophis-
ticated options were also derived to take care of larger dis-
placements—at least up to second order in dz. These
features could find use in the analysis of realistic problems;
tests on the potential of these different pulse sequences are
currently in progress on in vivo systems.
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Appendix

The actual details of how to compute the RF pulses and
the gradient shapes required for programming the new p/
2–p inhomogeneity compensation sequence introduced in
Section 4.2, are analogous to those given in Ref. [24] for
the case of a single RF pulse sweep albeit modified by shift
effects according to the X0-expansion arguments in Section
4.2. Briefly, this correction starts from a suitable revision of
Eqs. (1)–(3) so as to deal with consecutive p/2–p encoding
pulses:
/eðzÞ ¼ /ðpÞe ðzÞ � /ðp=2Þ
e ðzÞ; ðA:1Þ
with

/ðp=2Þ
e ðzÞ ¼ /ðp=2Þ

RF ðzÞ þ sðp=2Þ
p � sðp=2ÞðzÞ

h i
� cGðp=2Þ

e zþ X0 þ XinhðzÞ
� �

ðA:2Þ

and

/ðpÞe ðzÞ ¼ 2/ðpÞRFðzÞ þ sðpÞp � 2sðpÞðzÞ
h i

� cGðpÞe zþ X0 þ XinhðzÞ
� �

: ðA:3Þ

To account then for the effects of chemical shifts up to first
order we rely on the series expansion Eq. (22); following
this expression and Eqs. (A.1)–(A.3), these will be given by
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UX0
ðz; tÞ � Uð�z; tÞ

þ ðsðpÞp � sðp=2Þ
p Þ þ ðsðp=2Þð�zÞ � 2sðpÞð�zÞÞ þ t

h i
X0:

ðA:4Þ
As in the single-sweep case, we eliminate now the effects of
inhomogeneities by designing /eð�zÞ and Ga(t) functions so
that Eqs. (21), as applied on Uð�z; tÞ, are fulfilled. The reli-
ance on two independent p/2 and p sweeps gives now extra
freedom to arrive to the desired /eð�zÞ expression; we
exploit this in order to reinstate ideality into the spectro-
scopic component of the phase UX0

, by making the extra
sðp=2Þð�zÞ � 2sðpÞð�zÞ term modulating chemical shifts in Eq.
(A.4) linear in t—or equivalently, linear in �z. This will en-
sure that the compensation neither adds nor detracts from
the spectroscopic performance of the measurement. Using
arguments akin to those leading to Eq. (39) in Ref. [24],
the timings of the RF pulses characterizing these two
sweeps will therefore have to fulfill

sðp=2Þð�zÞ ¼ sðp=2Þ
p �

d/ðp=2Þ
e

d�z

cGðp=2Þ
e þ dXinh

d�z

� � ;
2sðpÞð�zÞ ¼ sðpÞp �

d/ðpÞe

d�z

cGðpÞe þ dXinh
d�z

� � ;
ðA:5Þ

subject to the opposing-sweeps boundary conditions

sðp=2Þ �zðp=2Þ
i ¼ �L=2

� �
¼ 0; sðp=2Þ �zðp=2Þ

f ¼ L=2
� �

¼ sðp=2Þ
p ;

ðA:6Þ

sðpÞ �zðpÞi ¼ L=2
� �

¼ 0; sðpÞ �zðpÞf ¼ �L=2
� �

¼ sðpÞp :

These expressions define the ratio between the sweep times
of the two pulses

sðp=2Þ
p

sðpÞp

¼ �
cGðpÞe þ

dXinh

d�z

�
�z¼L=2

cGðp=2Þ
e þ dXinh

d�z

�
�z¼�L=2

; ðA:7Þ

where we allow for a ‘‘negative time’’ definition as involving
a regular sweep time but with a reversed sweep rate, to suit
the gradient signs that were chosen. These equations, when
merged with the above-mentioned sðp=2Þð�zÞ � 2sðpÞð�zÞ¼!
aþ b � �z demand, lead to a system of two coupled equations
with two unknowns. In the easily achievable Gðp=2Þ

e �GðpÞe 6¼ 0
case, these can be solved to yield the expressions needed for
computing the RF pulse shapes:

d phiðp=2Þ
e

d�z ¼ cGðp=2Þ
e þ dXinh

d�z

� � Q� cGðpÞe þ
dXinh

d�z

� �
Z

cGðpÞe �cGðp=2Þ
e½ �

� 

d/ðpÞe

d�z ¼ cGðpÞe þ
dXinh

d�z

� � Q� cGðp=2Þ
e þdXinh

d�z

� �
Z

cGðpÞe �cGðp=2Þ
e½ �

� 

8>><
>>: ðA:8Þ

with Q and Z two �z-dependent functions

Q� 2pð�zþL=2Þ
ðDzÞ2

� t
dXinh

d�z
þT a

L
Xinhð�zÞ�Xinh �

L
2

	 
� �
ðA:9Þ

Z�
�sðp=2Þ

p

2
þ

2sðpÞp þ sðp=2Þ
p

L
�z:
The computation of the actual RF shapes follows from
here with arguments that are analogous to those given in
Ref. [24]: the phase derivatives from Eq. (A.8) are inserted
in Eq. (A.5) to derive the sð�zÞ sweep conditions for each of
the pulses; these are then reversed into �zðsÞ functions, and
inserted into algorithms that based on the OðsÞ ¼ cGe�zðsÞþ
Xinh½�zðsÞ� offset expression compute the instantaneous
phase and amplitude of each pulse during the course of
the sweeps. It was on the basis of these calculations that
the highly compensated results shown in Fig. 10, were
obtained.
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